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DAVIES TYPE ESTIMATE AND THE HEAT KERNEL BOUND
UNDER THE RICCI FLOW
MENG ZHU
Abstract. We prove a Davies type double integral estimate for the heat kernel
H(y, t;x, l) under the Ricci flow. As a result, we give an affirmative answer to a
question proposed in [8]. Moreover, we apply the Davies type estimate to provide a
new proof of the Gaussian upper and lower bounds of H(y, t;x, l) which were first
shown in [6].
1. Introduction
On a complete Riemannian manifold (Mn, gij), the heat kernel H(x, y, t), is the small-
est positive fundamental solution to the heat equation
∂u
∂t
= ∆u. (1.1)
Heat kernel estimates is of great importance and interest due to its relation to many
other properties of the manifolds, such as Harnack estimate, Sobolev inequality, Log
Soblev inequality, Faber-Krahn type inequality, and Nash type inequality (see e.g. [21],
[9], [12], [4], [18], [5]). Since the work of Nash [19] and Aronson [1], many methods have
been discovered for deriving Gaussian upper and lower bounds of H(x, y, t), see e.g.,
[7], [18], [10], [13], [11], [17]. One of the methods was developed by Li-Wang in [17].
They obtained a Gaussian upper bound for H(x, y, t) based on the parabolic mean value
inequality and the following double integral upper estimate of the heat kernel proved
by E.B. Davies [11]:
Theorem 1.1. Let (M, g) be a complete Riemannian manifold. For any two bounded
subsets U1 and U2 of M , one has:∫
U1
∫
U2
H(x, y, t)dµ(x)dµ(y) ≤ Vol 12 (U1)Vol 12 (U2)e−
d2(U1,U2)
4t , (1.2)
where d(U1, U2) is the distance between U1 and U2.
In this paper, we consider the heat kernel of the time-evolving heat equation under
the Ricci flow on a complete manifold Mn, i.e.,
∂u
∂t
= ∆tu, (1.3)
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where ∆t is the Laplacian with respect to a complete solution gij(t), t ∈ [0, T ) and
T <∞, of the following Ricci flow equation
∂gij(t)
∂t
= −2Rij
g(0) = g0
(1.4)
on M .
The existence and uniqueness of the heat kernel H(y, t; x, l) to (1.3) were proved in
[14] and [8]. When M is compact, C. Guenther [14] obtained a Gaussian lower bound
of H(y, t; x, l). For general complete manifolds, L. Ni [20] first obtained Gaussian es-
timates of H(y, t; x, l) assuming uniformly bounded curvature and nonnegative Ricci
curvature along the Ricci flow. Q. Zhang [23] proved both Gaussian upper and lower
bounds of H(y, t; x, l) for type I ancient κ-solutions of the Ricci flow with nonnegative
curvature operator. In [22], G. Xu removed the assumption on the nonnegativity of the
curvature operator, and obtained similar Gaussian bounds of the heat kernel for general
type I ancient κ-solutions of the Ricci flow. Assuming that M has nonnegative Ricci
curvature and is not Ricci flat for all t, Gaussian estimates of H(y, t; x, l) were given
by Cao-Zhang [3]. When the Ricci curvature is only assumed to be uniformly bounded,
Chau-Tam-Yu [6] also showed Gaussian lower and upper bounds for H(y, t; x, l), but
the constants in the estimates depend on more geometric quantities than the ones in
Cao-Zhang’s estimates (see [8] for more detail). While the authors in [6] and [8] mainly
used Grigor’yan’s method in [13] to prove the Gaussian upper bound of the heat kernel,
they raised the following question:
Question: Is there a ”Ricci flow” version of Davies’ estimate as the one in Theorem 1.1?
Our main goal is to give an affirmative answer to the question above. More specifically,
we prove
Theorem 1.2. Let (Mn, gij(t)) be a complete solution to (1.4) on [0, T ) and T < ∞.
Suppose that H(y, t; x, l) is the heat kernel of (1.3), and Rc ≥ −K1 on [0, T ) for some
nonnegative constant K1. Then for any open sets, U1 and U2, with compact closure in
M , and 0 ≤ l < t < T , we have∫
U1
∫
U2
H(y, t; x, l)dµt(y)dµl(x) ≤ eC0K1T e−
d2t (U1,U2)
4e4K1T (t−l)Voll(U1)
1
2Volt(U2)
1
2 ,
where C0 is a constant depends only on n.
Using Theorem 1.2, we are able to provide a new proof of the Gaussian upper bound
and lower bounds of H(y, t; x, l) which was first shown by Chau-Tam-Yu [6]. For the
Gaussian upper bound, we have
Theorem 1.3. Under the Ricci flow, assume that Rc ≥ −K1 on M × [0, T ) for some
nonnegative constant K1 and T < ∞, and that Λ =
∫ T
0
supM |Rc|(t)dt < ∞. We have
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the following upper bound:
H(y, t; x, l) ≤ C1eC2eC3Λ+C4K1T min
exp
(
− d2t (x,y)
8e4K1T (t−l)
)
Voll(Bl(y,
√
t−l
8
))
,
exp
(
− d2t (x,y)
8e4K1T (t−l)
)
Volt(Bt(x,
√
t−l
8
))
 ,
where constants C1, C2,, C3 and C4 depend only on n.
Next, following a method of Li-Tam-Wang [16], we can use a gradient estimate of Q.
Zhang in [24] (see also [2]) to show a Gaussian lower bound of H(y, t; x, l).
Theorem 1.4. Let (Mn, gij(t)), t ∈ [0, T ) and T < ∞, be a complete solution to the
Ricci flow (1.4). Suppose that Rc ≥ −K1 onM×[0, T ) and Λ =
∫ T
0
supM |Rc|(t)dt <∞.
Then we have the following lower bound:
H(y, t; x, l) ≥
C5e
−C6eC7Λ+C8K1T exp
(
−4d
2
t (x, y)
(t− l)
)
Volt(Bt(x,
√
t−l
8
))
,
where C5, C6, C7 and C8 are positive constants only depending on n.
This paper is organized as follows. In section 2, we review some known facts about
the fundamental solutions of heat-type equations with metric evolving under a group of
more general equations than the Ricci flow, including the existence, uniqueness and the
mean value inequality. In section 3, we prove Theorem 1.2. The main idea is similar to
that in the fixed metric case. However, since the heat kernel is not self-symmetric in this
case, we use the symmetry between the heat kernel and the adjoint heat kernel instead.
In section 4, we first use the method in [17] to prove a slightly different version of the
Gaussian upper estimate from the one in Theorem 1.3. Then we show that Theorem
1.3 can be derived from this upper estimate and an L1 bound of H . In section 5, we
finish the proof of Theorem 1.4.
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many valuable suggestions, and for his constant support and encouragement. I also
want to thank Professors Qing Ding, Jixiang Fu, Jiaxing Hong, Hong-Quan Li, Jun Li,
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and encouragement, and Professors Luen-Fai Tam and Qi S. Zhang for their interests
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2. Preliminaries
In this section, we present some basic results regarding the heat kernel and adjoint
heat kernel of time evolving heat-type equations. The readers can refer to [8] for more
detail.
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Let Mn be a Riemannian manifold, and gij(t), t ∈ [0, T ) and T < ∞, a complete
solution to the following equation:
∂gij(t)
∂t
= −2Aij
g(0) = g0,
(2.1)
where Aij(t) is a time-dependent symmetric 2-tensor. Consider the following heat op-
erator with potential:
L =
∂
∂t
−∆t +Q,
where ∆t is the Laplacian with respect to gij(t) and Q : M × [0, T ) → R is a C∞
function.
Definition 2.1. Let R2T = {(t, l) ∈ R2 | 0 ≤ l < t < T}. A fundamental solution for
the operator L is a function
H : M ×M × R2T → R
that satisfies:
(1) H is continuous, C2 in the first two space variables and C1 in the last two time
variables,
(2) LH = ( ∂
∂t
−∆t,y +Q)H(y, t; x, l) = 0,
(3) limtցlH(y, t; x, l) = δx,
where H(y, t; x, l) = H(y, x, (t, l)).
The heat kernel for L is defined to be the minimal positive fundamental solution.
Definition 2.2. The adjoint heat kernel is the minimal positive fundamental solution
G : M ×M × R2T → R
for the operator L∗ = ∂
∂l
+∆l −Q− A, i.e., G satisfies
(1) G is continuous, C2 in the first two space variables and C1 in the last two time
variables,
(2) L∗G = ( ∂
∂l
+∆l,x −Q−A)G(x, l; y, t) = 0,
(3) limlրtG(x, l; y, t) = δy,
where G(x, l; y, t) = G(y, x, (t, l)), and A = trg(l)(Aij).
First of all, we have the following existence and uniqueness of the heat kernel and the
adjoint heat kernel according to [14] and [8].
Theorem 2.3. Let Mn be a complete manifold, and g(t), t ∈ [0, T ) for some T < ∞,
a smooth family of Riemannian metrics on M . If
∫ T
0
− inf
M
Q(t)dt < ∞, then there
exists a unique C∞ minimal positive fundamental solution H(y, t; x, l) for the operator
L = ∂
∂t
−∆t,y +Q.
As in the fixed metric case, the heat kernel H(y, t; x, l) for L on M is the limit of the
Dirichlet heat kernels on a sequence of exhausting subsets in M .
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Definition 2.4. Let Ω ⊂M be a bounded subset, the Dirichlet Heat Kernel on Ω for L,
denoted by HΩ(y, t; x, l) is the fundamental solution to
∂u
∂t
= ∆tu−Qu in Ω and satisfies
i) lim
tցl
HΩ = δx for x ∈ Int(Ω);
ii) HΩ(y, t; x, l) = 0, for y ∈ ∂Ω and x ∈ Int(Ω).
Proposition 2.5 (see e.g. [8]). Let Ωi ⊂ M be a sequence of exhausting bounded sets,
and HΩi(y, t; z, s) the Dirichlet Heat Kernel on Ωi. Then
lim
i→∞
HΩi(y, t; z, s) = H(y, t; z, s)
uniformly on any compact subset of M ×M × R2T .
Moreover, the heat kernel and the adjoint heat kernel satisfy the following important
properties:
Proposition 2.6 (see e.g. [8]). With the assumptions above, we have
(1) HΩ(y, t; x, l) = GΩ(x, l; y, t), for x, y ∈ Ω;
(2) H(y, t; x, l) = G(x, l; y, t);
(3) HΩ(y, t; x, l) =
∫
Ω
HΩ(y, t; z, s)HΩ(z, s; x, l)dµg(s)(z);
(4) H(y, t; x, l) =
∫
M
H(y, t; z, s)H(z, s; x, l)dµg(s)(z);
where Ω is an open subset in M with compact closure, and GΩ(x, l; y, t) is the Dirichlet
heat kernel for the adjoint operator ∂
∂l
+∆l −Q− A.
Let
Λ =
∫ T
0
sup
M
|Aij|g(t)(t)dt.
Assume that there exists a metric g′ and a positive constant Cˆ ≥ 1 such that
Cˆ−1g′ ≤ g(0) ≤ Cˆg′,
then we have
Cˆ−1e−2Λg′ ≤ g(t) ≤ Cˆe2Λg′
for all time t ∈ [0, T ).
Suppose that u : M × [0, T )→ R is a positive subsolution to
∂u
∂t
≤ ∆tu−Qu.
Define the parabolic cylinder:
Pg′(x, τ, r,−r2) = Bg′(x, r)× [τ − r2, τ ],
where Bg′(x, r) represents the geodesic ball of radius r centered at x in M with respect
to the metric g′.
By Moser iteration, Chau-Tam-Yu [6] got the following mean value inequality (see
also [8]):
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Theorem 2.7. In the above setting, assume that Rc(g′) ≥ −K1 on M with some
K1 ≥ 0. Then
sup
Pg′ (x0,t0,r0,−(r0)2)
u ≤ C1Cˆ
n(n+3)
2 eC2Λ+C3
√
K1r0+Cˇt0
r20Volg′(Bg′(x0, r0))
∫
Pg′ (x0,t0,2r0,−(2r0)2)
u(x, s)dµg′(x)ds,
where C1, C2 and C3 are constants only depending on n, and Cˇ = − infM×[0,T ){Q+ 12A}.
3. Davies type estimate for the heat kernel under the Ricci flow
Assume that (Mn, gij(t)) is a complete solution to the Ricci flow (1.4) for t ∈ [0, T )
and T <∞.
Denote by H(y, t; x, l) > 0, 0 ≤ l < t < T , the Heat Kernel of (1.3) under the Ricci
flow, i.e., 
∂H
∂t
= ∆t,yH
lim
tցl
H = δx.
(3.1)
Then G(x, l; y, t) = H(y, t; x, l) is the adjoint Heat Kernel to the following conjugate
heat equation: 
∂G
∂l
= −∆l,xG+RG
lim
lրt
G = δy,
(3.2)
where R is the scalar curvature of M .
In the remaining of this paper, we will use the following notations: Bt(x, r) :=
Bg(t)(x, r), Vols(U) := Volg(s)(U), dµs := dµg(s), where U is a subset of M and dµg(s)
denotes the volume element of g(s).
Proof of Theorem 1.2. : Let Ωi ⊂ M be a sequence of exhausting bounded sets, and
HΩi(y, t; z, s) the Dirichlet Heat Kernel on Ωi. Since U1 and U2 are bounded, we may
assume that (U1
⋃
U2) ⊂ Ωi for each i.
By Propositions 2.5 and 2.6, we have∫
U1
∫
U2
H(y, t; x, l)dµt(y)dµl(x)
= lim
i→∞
∫
U1
∫
U2
∫
Ωi
HΩi(y, t; z,
t+ l
2
)HΩi(z,
t+ l
2
; x, l)dµ t+l
2
(z)dµt(y)dµl(x)
= lim
i→∞
∫
Ωi
∫
U1
∫
U2
HΩi(y, t; z,
t+ l
2
)HΩi(z,
t+ l
2
; x, l)dµt(y)dµl(x)dµ t+l
2
(z)
= lim
i→∞
∫
Ωi
ui(z,
t + l
2
)vi(z,
t + l
2
)dµ t+l
2
(z),
where
ui(z, s) =
∫
U1
HΩi(z, s; x, l)dµl(x),
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and
vi(z, s) =
∫
U2
HΩi(y, t; z, s)dµt(y) =
∫
U2
GΩi(z, s; y, t)dµt(y).
Here GΩi(z, s; y, t) denotes the adjoint Dirichlet Heat Kernel on Ωi.
From Rc ≥ −K1, we have for any s ∈ [0, T ),
gij(s) ≤ e2K1Tgij(0),
and ds(x, y) ≤ eK1Td0(x, y),
where ds(x, y) is the distance function at time s.
Let ξ(z, s) =
d20(z,U1)
2CK1T (s−l)
for CK1T = e
2K1T and s > l. Since
|∇d0(z, U1)|g(s) ≤ eK1T |∇d0(z, U1)|g(0) ≤ eK1T ,
we have
∂ξ
∂s
+
1
2
|∇ξ|2g(s) ≤ −
d20(z, U1)
2CK1T (s− l)2
+
d20(z, U1) · e2K1T
2C2K1T (s− l)2
= 0.
We compute
d
ds
∫
Ωi
u2i (z, s)e
ξ(z,s)dµs(z)
=
∫
Ωi
(2ui∆s,zui − Ru2i + u2i ·
∂ξ(z, s)
∂s
)eξ(z,s)dµs(z).
Notice that
2
∫
Ωi
ui∆s,zuie
ξdµs(z) = −2
∫
Ωi
(|∇ui|2 + ui∇ui · ∇ξ)eξdµs(z) + 2
∫
∂Ωi
ui∂νuie
ξdS
≤
∫
Ωi
1
2
u2i |∇ξ|2eξdµs(z),
where we have used the Cauchy-Schwartz inequality for −ui∇ui · ∇ξ and the fact that
ui|∂Ωi = 0.
Thus,
d
ds
∫
Ωi
u2i (z, s)e
ξ(z,s)dµs(z) ≤ C1K1
∫
Ωi
u2i (z, s)e
ξ(z,s)dµs(z),
where C1 is a constant only depending on n. Hence, we have∫
Ωi
u2i (z, s)e
ξ(z,s)dµs(z) ≤ eC1K1(s−l) lim
h→l
∫
Ωi
u2i (z, h)e
ξ(z,h)dµh(z) ≤ eC1K1(t−l)Voll(U1).
Let η(z, s) =
d20(z,U2)
2CK1T (t−s)
for CK1T = e
2K1T , then
∂η
∂s
− 1
2
|∇η|2g(s) ≥
d20(z, U2)
2CK1T (t− s)2
− d
2
0(z, U2) · e2K1T
2C2K1T (t− s)2
= 0.
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Moreover,
d
ds
∫
Ωi
v2i (z, s)e
η(z,s)dµs(z)
=
∫
Ωi
(−2ui∆s,zvi + v2i ·
∂η(z, s)
∂s
)eη(z,s)dµs(z).
Since,
−2
∫
Ωi
vi∆
s
zvie
ηdµs(z) = 2
∫
Ωi
(|∇vi|2 + vi∇vi · ∇η)eηdµs(z)− 2
∫
∂Ω
vi∂νvie
ηdS
≥ −1
2
∫
Ωi
v2i |∇η|eηdµs(z),
we have
d
ds
∫
Ωi
v2i (z, s)e
η(z,s)dµs(z) ≥ 0.
It implies that, for large i,∫
Ωi
v2i (z, s)e
η(z,s)dµs(z) ≤ lim
h→t
∫
Ωi
v2i (z, h)e
η(z,h)dµh(z)
= Volt(U2).
Now since
1
2
ξ(z,
t + l
2
) +
1
2
η(z,
t+ l
2
) ≥ d
2
0(U1, U2)
4CK1T (t− l)
,
we have
e
d20(U1,U2)
4CK1T
(t−l)
∫
U1
∫
U2
H(y, t; x, l)dµt(y)dµl(x)
= lim
i→∞
e
d20(U1,U2)
4CK1T
(t−l)
∫
Ωi
ui(z,
t+ l
2
)vi(z,
t+ l
2
)dµ t+l
2
(z)
≤ lim
i→∞
∫
Ωi
ui(z,
t + l
2
)e
1
2
ξ(z, t+l
2
) · vi(z, t+ l
2
)e
1
2
η(z, t+l
2
)dµ t+l
2
(z)
≤ eC1K1(t−l)2 Voll(U1) 12Volt(U2) 12 ,
i.e., ∫
U1
∫
U2
H(y, t; x, l)dµt(y)dµl(x) ≤ e−
d20(U1,U2)
4CK1T
(t−l) e
C1K1(t−l)
2 Voll(U1)
1
2Volt(U2)
1
2 .
The Theorem follows from the fact that dt(U1, U2) ≤ eK1Td0(U1, U2). 
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4. A Gaussian upper bound of H(y, t; x, l)
Recall that by the Volume Comparison Theorem, we have the following Lemma (see
e.g. [15]):
Lemma 4.1. Let (Mn, gij) be a complete Riemannian manifold. If Rc ≥ −K1, for
some constant K1 ≥ 0, then for any point x ∈M and any 0 < r ≤ R, we have
Vol(B(x,R)) ≤ (R
r
)ne
√
(n−1)K1RVol(B(x, r)),
where B(x,R) is the geodesic ball of radius R in M centered at x.
In particular, letting r → 0, we have
V ol(B(x,R)) ≤ CRne
√
(n−1)K1R
for some constant C only depending on n.
Since we have obtained a Davies type estimate in Theorem 1.2, similarly to the
method in [17], we can show a Gaussian upper bound of the heat kernel (see [6]) by
using the mean value inequality in Theorem 2.7. In the following, unless otherwise
stated, C, C0, C1, C2, · · · , and C˜, C˜0, C˜1, C˜2, · · · all represent positive constants only
depending on n.
Theorem 4.2. Under the Ricci flow, assume that Rc ≥ −K1 on M × [0, T ) and Λ =∫ T
0
supM |Rc|(t)dt <∞. We have the following upper bound
H(y, t; x, l) ≤
C1e
C2Λ+C3K1T+C4
√
K1T exp
(
− d
2
t (x, y)
8e4K1T (t− l)
)
√
V oll(Bl(y,
√
t−l
8
))
√
V olt(Bt(x,
√
t−l
8
))
.
Proof. We have by Theorem 2.7 that, for 0 ≤ l0 < t0 < T and r0 with t0 − l0 ≥ 4r20,
H(y0, t0; x0, l0)
≤ C0e
C1Λ+C2K1T+C3
√
K1r0
r20V oll0(Bl0(y0, r0))
∫ t0
t0−4r20
∫
Bl0 (y0,2r0)
H(y, s; x0, l0)dµl0(y)ds.
(4.1)
Let l˜ = t0 − l, s˜ = t0 − s, and
G˜(x, l˜; y, s˜) = G(x, t0 − l˜; y, t0 − s˜) = G(x, l; y, s) = H(y, s; x, l).
Then, G˜(x, l˜; y, s˜) satisfies
∂G˜(x, l˜; y, t˜)
∂l˜
= ∆˜l˜,xG˜− R˜ G˜(x, l˜; y, t˜),
where ∆˜l˜ is the laplacian with respect to the solution g˜(l˜) := g(t0 − l˜) of the backward
Ricci flow:
∂g˜(l˜)
∂l˜
= 2R˜ij(l˜).
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Thus, according to Theorem 2.7, we have the following mean value inequality:
G˜(x0, l˜0; y, s˜)
≤ C˜0e
C˜1Λ+C˜2K1T+C˜3
√
K1r1
r21V olg˜(0)(Bg˜(0)(x0, r1))
∫ l˜0
l˜0−4r21
∫
Bg˜(0)(x0,2r1)
G˜(x, l˜; y, s˜)dµg˜(0)(x)dl˜,
where 4r21 ≤ t0 − l0 − 4r20 ≤ s− l0.
Hence Formula (4.1) becomes
H(y0, t0; x0, l0)
≤ C0e
C1Λ+C2K1T+C3
√
K1r0
r20V oll0(Bl0(y0, r0))
∫ 4r20
0
∫
Bl0 (y0,2r0)
G˜(x0, l˜0; y, s˜)dµl0(y)ds˜
≤ C0e
C1Λ+C2K1T+C3
√
K1r0
r20V oll0(Bl0(y0, r0))
C˜0e
C˜1Λ+C˜2K1T+C˜3
√
K1r1
r21V olg˜(0)(Bg˜(0)(x0, r1))
·
∫ 4r20
0
∫
Bl0 (y0,2r0)
∫ l˜0
l˜0−4r21
∫
Bg˜(0)(x0,2r1)
G˜(x, l˜; y, s˜)dµg˜(0)(x) dl˜ dµl0(y) ds˜
=
C0e
C1Λ+C2K1T+C3
√
K1r0
r20V oll0(Bl0(y0, r0))
C˜0e
C˜1Λ+C˜2K1T+C˜3
√
K1r1
r21V olt0(Bt0(x0, r1))
·
∫ t0
t0−4r20
∫
Bl0 (y0,2r0)
∫ l0+4r21
l0
∫
Bt0 (x0,2r1)
H(y, s; x, l)dµt0(x) dl dµl0(y) ds.
Now let r0 = r1 =
√
t0−l0
8
, we have by Theorem 1.2 that
H(y0, t0; x0, l0)
≤ C4e
C5Λ+C6K1T+C7
√
K1T
(t0 − l0)2V oll0(Bl0(y0,
√
t0−l0
8
))V olt0(Bt0(x0,
√
t0−l0
8
))
·
∫ t0
t0+l0
2
∫ t0+l0
2
l0
∫
Bl0 (y0,
√
t0−l0
2
)
∫
Bt0 (x0,
√
t0−l0
2
)
H(y, s; x, l)dµt0(x) dµl0(y) dl ds
≤
C8e
C9Λ+C10K1T+C11
√
K1T
√
V olt0(Bt0(x0,
√
t0−l0
2
))
√
V oll0(Bl0(y0,
√
t0−l0
2
))
V oll0(Bl0(y0,
√
t0−l0
8
))V olt0(Bt0(x0,
√
t0−l0
8
))
· exp
−d2t0(Bl0(y0,
√
t0−l0
2
), Bt0(x0,
√
t0−l0
2
))
4e4K1T (t0 − l0)

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≤ C12e
C13Λ+C14K1T+C15
√
K1T√
V oll0(Bl0(y0,
√
t0−l0
8
))
√
V olt0(Bt0(x0,
√
t0−l0
8
))
· exp
−d2t0(Bt0(y0, eK1T
√
t0−l0
2
), Bt0(x0, e
K1T
√
t0−l0
2
))
4e4K1T (t0 − l0)
 .
In the last step above, we have used Lemma 4.1 to get
V olt(Bt(z,
√
t0 − l0
2
)) ≤ C16eC17
√
K1T V olt(Bt(z,
√
t0 − l0
8
))
for all t ∈ [0, T ).
Since
dt0(Bt0(y0, e
K1T
√
t0 − l0
2
), Bt0(x0, e
K1T
√
t0 − l0
2
))
=
{
0, if dt0(x0, y0) ≤ eK1T
√
2(t0 − l0)
dt0(x0, y0)− eK1T
√
2(t0 − l0), if dt0(x0, y0) > eK1T
√
2(t0 − l0)
,
it follows that when dt0(x0, y0) ≤ eK1T
√
2(t0 − l0),
exp
−d2t0(Bt0(y0, eK1T
√
t0−l0
2
), Bt0(x0, e
K1T
√
t0−l0
2
))
4e4K1T (t0 − l0)

=1
≤ e 14e2K1T exp
(
− d
2
t0
(x0, y0)
8e4K1T (t0 − l0)
)
.
When dt0(x0, y0) > e
K1T
√
2(t0 − l0), we have
exp
−d2t0(Bt0(y0, eK1T
√
t0−l0
2
), Bt0(x0, e
K1T
√
t0−l0
2
))
4e4K1T (t0 − l0)

= exp
(
−(dt0(x0, y0)− e
K1T
√
2(t0 − l0))2
4e4K1T (t0 − l0)
)
≤ exp
(−1/2 · d2t0(x0, y0) + 2e2K1T (t0 − l0)
4e4K1T (t0 − l0)
)
= e
1
2e2K1T · exp
(
− d
2
t0
(x0, y0)
8e4K1T (t0 − l0)
)
.
Therefore, we get
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H(y0, t0; x0, l0) ≤
C18exp
(
C19Λ+ C20KT + C21
√
K1T
)
exp
(
− d
2
t0
(x0, y0)
8e4K1T (t0 − l0)
)
√
V oll0(Bl0(y0,
√
t0−l0
8
))
√
V olt0(Bt0(x0,
√
t0−l0
8
))
.

The rest of the proof of Theorem 1.3 follows [6]. We include them here for the purpose
of completeness. The following Lemma shows an L1 bound of the Dirichlet heat kernel.
Lemma 4.3. Let Ω be a compact manifold with nonempty boundary ∂Ω, and g(t), t ∈
[0, T ), a solution to the Ricci flow (1.4) on Ω. Denote by HΩ(y, t; x, l) and GΩ(x, l; y, t)
the Dirichlet heat kernel for ∂
∂t
−∆t,y and ∂∂l +∆l,x − R(x, l) on Ω, respectively. Then
we have
e−
∫ t
l
supM R(t)dt ≤
∫
Ω
HΩ(y, t; x, l)dµt(y) ≤ e−
∫ t
l
infM R(t)dt, (4.2)
and ∫
Ω
GΩ(x, l; y, t)dµl(x) ≡ 1 (4.3)
for any x, y ∈ int(Ω).
Proof. Since
d
dt
∫
Ω
HΩ(y, t; x, l)dµt(y) =
∫
Ω
(∆t,yHΩ(y, t; x, l)− R ·HΩ(y, t; x, l))dµt(y)
=
∫
∂Ω
νz(HΩ(z, t; x, l))dS −
∫
Ω
R ·HΩ(y, t; x, l)dµt(y)
= −
∫
Ω
R ·HΩ(y, t; x, l)dµt(y)
and
d
dl
∫
Ω
GΩ(x, l; y, t)dµl(x) =
∫
Ω
−∆l,xGΩ(x, l; y, t)dµl(x)
= −
∫
∂Ω
νz(GΩ(z, l; y, t))dS
= 0,
the Lemma follows immediately. 
Since the heat kernel on a complete manifold is the limit of the Dirichlet heat kernels
on a family of exhausting open subsets of the manifold, Lemma 4.3 implies that
Corollary 4.4. Let (Mn, gt), t ∈ [0, T ), be a complete solution to the Ricci flow (1.4).
Then we have the following estimates for the heat kernel H(y, t; x, l) and the adjoint
heat kernel G(x, l; y, t):
e−
∫ t
l
supM R(t)dt ≤
∫
M
H(y, t; x, l)dµt(y) ≤ e−
∫ t
l
infM R(t)dt, (4.4)
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and ∫
M
G(x, l; y, t)dµl(x) ≡ 1. (4.5)
From Corollary 4.4 and the mean value inequality, we can also show the following
rough C0 bound of H .
Lemma 4.5. Let (Mn, g(t)), t ∈ [0, T ) and T <∞, be a complete solution to the Ricci
flow. Assume that Rc ≥ −K1 for all time t, and that Λ =
∫ T
0
supM |Rc|(t)dt < ∞.
Then there exist constants C˜1, C˜2,, C˜3 and C˜4 such that
H(y, t; x, l) ≤ min
 C˜1eC˜2Λ+C˜3K1T+C˜4
√
K1T
Voll(Bl(y,
√
t−l
8
))
,
C˜1e
C˜2Λ+C˜3K1T+C˜4
√
K1T
Volt(Bt(x,
√
t−l
8
))
 .
Proof. In Theorem 2.7, by choosing the parabolic cylinder Pg(l)(y, t, r0,−(r0)2) with
r0 =
√
t−l
8
, we have
H(y, t; x, l) ≤ sup
Pg(l)(y,t,r0,−(r0)2)
H(·, · ; x, l)
≤ C1e
C2Λ+C3K1T+C4
√
K1T
(t− l)V oll(Bl(y, r0))
∫ t
t+l
2
∫
Bl(y,
√
t−l
2
)
H(z, s; x, l)dµl(z)ds.
By (4.4), we can see that∫ t
t+l
2
∫
Bl(y,
√
t−l
2
)
H(z, s; x, l)dµl(z)ds ≤ enΛ
∫ t
t+l
2
∫
M
H(z, s; x, l)dµs(z)ds
≤ enΛ
∫ t
t+l
2
eC5K1(s−l)ds
= enΛ · e
C5K1(t−l) − eC5K1(t−l)2
C5K1
.
Hence,
H(y, t; x, l) ≤ C1e
C2Λ+C3K1T+C4
√
K1T
Voll(Bl(y,
√
t−l
8
))
· e
C5K1(t−l) − eC5K1(t−l)2
C5K1(t− l)
≤ C6e
C7Λ+C8K1T+C9
√
K1T
Voll(Bl(y,
√
t−l
8
))
.
Similarly, using (4.5), we can get
H(y, t; x, l) ≤ C˜1e
C˜2Λ+C˜3K1T+C˜4
√
K1T
Volt(Bt(x,
√
t−l
8
))
.

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Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3: Let σ =
√
t0−l0
8
and r0 = dt0(x0, y0). By Theorem 4.2, we have
H(y0, t0; x0, l0) ≤
C0e
C1Λ+C2K1T+C3
√
K1T exp
(
− d
2
t0
(x0, y0)
8e4K1T (t0 − l0)
)
√
V oll0(Bl0(y0,
√
t0−l0
8
))
√
V olt0(Bt0(x0,
√
t0−l0
8
))
.
Since Bt0(x0, σ) ⊂ Bt0(y0, σ + r0) ⊂ Bl0(y0, eΛ(σ + r0)),
Vol−1l0 (Bl0(y0, σ)) ≤ Vol−1t0 (Bt0(x0, σ)) ·
Volt0(Bl0(y0, e
Λ(σ + r0)))
Voll0(Bl0(y0, σ))
≤ enΛVol−1t0 (Bt0(x0, σ)) ·
Voll0(Bl0(y0, e
Λ(σ + r0)))
Voll0(Bl0(y0, σ))
≤ enΛVol−1t0 (Bt0(x0, σ)) ·
enΛ(σ + r0)
ne
√
(n−1)K1eΛ(σ+r0)
σn
≤ enΛVol−1t0 (Bt0(x0, σ)) · enΛ(1 +
r0
σ
)neC4
√
K1Te
Λ(1+
r0
σ
).
Let Cˆ1 =
1
64e4K1T
, Cˆ2 = C4
√
K1Te
Λ and η = r0
σ
, we have
exp
(
− d
2
t0
(x0, y0)
8e4K1T (t0 − l0)
)
· (1 + r0
σ
)neC4
√
K1Te
Λ r0
σ
=exp
(
−Cˆ1η2 + Cˆ2η
)
(1 + η)n ≤ C5eC6eC7Λ+C8K1T .
Thus,
H(y0, t0; x0, l0) ≤
C9e
C10e
C11Λ+C12K1T exp
(
− d
2
t0
(x0, y0)
8e4K1T (t0 − l0)
)
V olt0(Bt0(x0,
√
t0−l0
8
))
.
Similarly, one can show that
H(y, t0; x, l0) ≤
C13e
C14e
C15Λ+C16K1T exp
(
− d
2
t0
(x, y)
8e4K1T (t0 − l0)
)
V oll0(Bl0(y,
√
t0−l0
8
))
.

Remark 4.6. If one assumes Rc ≥ 0 on [0, T ), and Λ = ∫ T
0
supM |Rc|(t)dt <∞, then
the upper bound above can be improved to
H(y, t; x, l) ≤ C1eC2Λexp
(
−d
2
t (x, y)
8(t− l)
)
min
 1Voll(Bl(y,√ t−l8 )) ,
1
Volt(Bt(x,
√
t−l
8
))
 .
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5. A Gaussian lower bound of H(y, t; x, l)
In this section, we prove Theorem 1.4 following [3].
Proof of Theorem 1.4: Let W be a large constant to be determined later. By Theorem
1.3 and (4.4), we have
∫
Bt0 (x0,
√
W (t0−l0))
H2(y, t0; x0, l0)dµt0(y)
≥ 1
Volt0
(
Bt0(x0,
√
W (t0 − l0))
) (∫
Bt0(x0,
√
W (t0−l0))
H(y, t0; x0, l0)dµt0(y)
)2
=
1
Volt0
(
Bt0(x0,
√
W (t0 − l0))
) (∫
M
H(y, t0; x0, l0)dµt0(y)
−
∫
M−Bt0(x0,
√
W (t0−l0))
H(y, t0; x0, l0)dµt0(y)
)2
≥ 1
Volt0
(
Bt0(x0,
√
W (t0 − l0))
)
·
e−C0Λ −
∫
M−Bt0 (x0,
√
W (t0−l0))
C˜0Cˆ0exp
(
− d
2
t0
(x0, y)
8e4K1T (t0 − l0)
)
Volt0(Bt0(x0,
√
t0−l0
8
))
dµt0(y)

2
,
where Cˆ0 = e
C˜1e
C˜2Λ+C˜3K1T .
Since
∫
M−Bt0(x0,
√
W (t0−l0))
exp
(
− d
2
t0
(x0, y)
8e4K1T (t0 − l0)
)
Volt0(Bt0(x0,
√
t0−l0
8
))
dµt0(y)
≤ e− W16e4K1T
∫
M−Bt0(x0,
√
W (t0−l0))
exp
(
− d
2
t0
(x0, y)
16e4K1T (t0 − l0)
)
Volt0(Bt0(x0,
√
t0−l0
8
))
dµt0(y)
≤ e
− W
16e4K1T
Volt0(Bt0(x0,
√
t0−l0
8
))
∫ ∞
√
W (t0−l0)
e
− ρ2
16e4K1T (t0−l0)
dVolt0(Bt0(x0, ρ))
dρ
dρ
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=
e
− W
16e4K1T
Volt0(Bt0(x0,
√
t0−l0
8
))
−∫ ∞√
W (t0−l0)
Volt0(Bt0(x0, ρ)) ·
d(e
− ρ2
16e4K1T (t0−l0) )
dρ
dρ
+Volt0(Bt0(x0, ρ))e
− ρ2
16e4K1T (t0−l0)
∣∣∣∣∞√
W (t0−l0)
)
≤ e− W16e4K1T
∫ ∞
√
W (t0−l0)
Volt0(Bt0(x0, ρ))
Volt0(Bt0(x0,
√
t0−l0
8
))
e
− ρ2
16e4K1T (t0−l0)
ρ
8e4K1T (t0 − l0)dρ
≤ e− W16e4K1T
∫ ∞
√
W (t0−l0)
(
ρ√
t0 − l0
)ne(n−1)
√
K1ρe
− ρ2
16e4K1T (t0−l0)
ρ
8e4K1T (t0 − l0)dρ.
Set η = ρ√
t0−l0 . If we choose W = C1e
C2Λ+C3K1T big enough so that∫ ∞
√
W
ηne(n−1)
√
K1Tηe
− η2
16e4K1T
η
8e4K1T
dη ≤ 1
2C˜0Cˆ0
e
W
32e4K1T ,
and
e
− W
32e4K1T ≤ e−C0Λ,
then
∫
M−Bt0(x0,
√
W (t0−l0))
C˜0Cˆ0exp
(
− d
2
t0
(x0, y)
8e4K1T (t0 − l0)
)
Volt0(Bt0(x0,
√
t0−l0
8
))
dµt0(y)
≤C˜0Cˆ0e−
W
16e4K1T
∫ ∞
√
W
ηne(n−1)
√
K1Tηe
− η2
32e4K1T
η
8e4K1T
dη
≤1
2
e
− W
32e4K1T .
Thus, we can get∫
Bt0(x0,
√
W (t0−l0))
H2(y, t0; x0, l0)dµt0(y)
≥ 1
Volt0
(
Bt0(x0,
√
W (t0 − l0))
) (e−C0Λ − 1
2
e
− W
32e4K1T
)2
≥ 1
4Volt0
(
Bt0(x0,
√
W (t0 − l0))
)e−2C0Λ.
By Corollary 4.4, there exists a point y1 ∈ Bt0(x0,
√
W (t0 − l0)) such that
H(y1, t0; x0, l0) ≥ 1
4Volt0
(
Bt0(x0,
√
W (t0 − l0))
)e−3C0Λ.
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From Theorem 3.3 in [24], we know
H(y1, t0; x0, l0) ≤ C3H
1
1+δ (y0, t0; x0, l0)K
δ
1+δ e
2
d2t0
(y1,y0)
δ(t0−l0) , (5.1)
where δ is any positive number, and K = max
M×[ t0+l0
2
,t0]
{H(y, t; x0, l0)}.
Since for t ∈ [ t0+l0
2
, t0], we have
Volt(Bt(x0,
√
t− l0
8
)) ≥ Volt(Bt(x0,
√
t0 − l0
16
))
≥ e−nΛVolt0(Bt0(x0, e−Λ
√
t0 − l0
16
)),
according to Lemma 4.5, we have for any (y, t) ∈M × [ t0+l0
2
, t0],
H(y, t; x0, l0) ≤ C˜0e
C˜1Λ+C˜2K1T+C˜3
√
K1T
Volt(Bt(x0,
√
t−l0
8
))
≤ C˜0e
C4Λ+C˜2K1T+C˜3
√
K1T
Volt0(Bt0(x0, e
−Λ
√
t0−l0
16
))
,
i.e.,
K ≤ C˜0e
C4Λ+C˜2K1T+C˜3
√
K1T
Volt0(Bt0(x0, e
−Λ
√
t0−l0
16
))
.
In (5.1), letting δ = 1 and noticing that
d2t0(y1, y0) ≤ 2(d2t0(y1, x0) + d2t0(x0, y0)) ≤ 2W (t0 − l0) + 2d2t0(x0, y0),
we get
H(y0, t0; x0, l0) ≥
C5e
−C6Λ−C7K1T−C8
√
K1T e−2WVolt0(Bt0(x0, e
−Λ
√
t0−l0
16
))
Vol2t0(Bt0(x0,
√
W (t0 − l0)))
e
− 4d
2
t0
(x0,y0)
t0−l0 .
By Lemma 4.1, we have
Volt0(Bt0(x0,
√
W (t0 − l0)) ≤ C9enΛW n2 eC10
√
WK1TVolt0(Bt0(x0, e
−Λ
√
t0 − l0
16
)),
and
Volt0(Bt0(x0,
√
W (t0 − l0))) ≤ C11W n2 eC12
√
WK1TVolt0(Bt0(x0,
√
t0 − l0
8
)).
Therefore,
H(y0, t0; x0, l0) ≥ C11e
−C14eC15Λ+C16K1T
Volt0(Bt0(x0,
√
t0−l0
8
))
e
− 4d
2
t0
(x0,y0)
(t0−l0) .

Remark 5.1. If Rc ≥ 0 on [0, T ) and Λ = ∫ T
0
supM |Rc|(t)dt <∞, then we have
H(y, t; x, l) ≥
C1e
−C2Λexp
(
−4d2t (x,y)
(t−l)
)
Volt(Bt(x,
√
t−l
8
))
.
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